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1. INTRODUCTION 
Let E and S be two Hausdorff topological vector space and A C_ E, K C_ S be two nonempty 
subsets. A fuzzy set on A is a function ¢ : A --* [0, 1]. We denote by ~'(A) the family of all 
fuzzy sets on A. A mapping from A into 9r(K) is called a fuzzy mapping. If F : A --* ~'(K) is a 
fuzzy mapping, then for each x 6 A, F(x) is a fuzzy set in ~'(K) and will be denoted by Fx in 
the sequel. For any y E K,  Fx(y) is the degree membership of y in Fx. Given M 6 ~'(K) and 
c~ e (0, 1], the set (M)a = {y 6 K I M(y) _> c~} is called the c~-level set (or a-cut set) of M. 
Let K and C be nonempty subsets of R n and R m, respectively. Let F : K -* ~'(K), G : 
K --* ~r(C) be two fuzzy mappings, c~, f~ : K --* (0,1], O : K x C --, R n, and r : K x K --~ R n 
be two single-valued mappings. The generalized quasi-variational inequality problem for fuzzy 
mappings that we will investigate in this paper is to find (~,ff) 6 K x C such that ~ 6 (F~)a(e), 
E (G~)~(~), and 
(0 (£, Y) , r  (u, ~)) _> 0, for all u 6 (F~)a(~) . 
The above problem will be denoted by GQVI (F, G, 0, r, K, C). We note that GQVI (F, G, 0, r, 
K, C) is a natural generalization of the generalized quasi-variational inequality problem studied 
in [1], where numerous applications have been given. 
The purpose of this paper is to derive some existence results for GQVI (F, G, 0, r, K, C) and to 
consider potential applications. The remainder of this paper is organized as follows. 
In Section 2, we will give some notions and preliminaries that will be used throughout this 
paper. 
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In Section 3, we will derive some existence results for abstract variational inequality problem 
without convexity assumptions. 
In Section 4, we will derive some existence results for GQVI (F, G, ~,T, K, C) for compact 
domains. 
In Section 5, we will derive some existence results for GQVI (F, G, 8, T, K, C), where the un- 
derlying domain may not be bounded. Some potential applications of GQVI (F, G, 8, T, K, C) to 
the generalized strongly nonlinear complementarity problem for fuzzy mappings are given. 
2. PREL IMINARIES  
In this paper, R n denotes the n-dimensional Euclidean space with the usual inner product (x, y) 
of x, y E R n, and norm ]]xiI of x E R n. The nonnegative orthant R~_ is the subset of R n consisting 
of all vectors with nonnegative components. For K, B C_ R n, intK(B) and OK(B) denote the 
relative interior and relative boundary of B in K, respectively. For a nonempty subset K C R n, 
conv (K) denotes the convex hull of K, and int (K) denotes the interior of K in R n. For r > 0, 
let Br = {x E R n I IixiI <- r}. For any x, y E R n, x > (> y), if and only if x~ > (> y~), for all 
components of x and y. 
Let A C_ R n, C C_ R m, and • : A --, 2 c be a point-to-set mapping. The graph of • is the 
set {(a,c) E AxC I c E ¢(a)}. For fixed x E A, & issa id to  be upper continuous at x, if 
and only if a sequence {xn} converging to x, a sequence {yn} with yn E ¢(xn) converging to y, 
implies y E ¢(x). It is clear that if ¢ is upper continuous at x, then ¢(x) is closed. We say 
that • is upper continuous on A, if and only if ¢ is upper continuous at every x E A. It is well 
known that the point-to-set mapping • is upper continuous on A, if and only if the graph of 
is a closed set in A x C (see [2, Theorem 2]). The point-to-set mapping ¢ is said to be lower 
continuous at x E A, if and only if for any sequence x,~ converging to x E A and y E ~(x), there 
exists a sequence Yn converging to y with yn E ¢(xn), for all n. We say • is lower continuous 
on A if ¢ is lower continuous at each x E A. We say ¢ is continuous on A, if & is both upper 
and lower continuous on A. For x E A, we say ¢ is uniformly compact near x if there exists a 
neighborhood V of x such that &(V) = Uucy ¢(u) is bounded, and we say that ¢ is uniformly 
compact on A if ¢ is uniformly compact near x for every x E A. 
Given two topological spaces S, V, we say that ¢ : S --, 2 v is lower semicontinuous if for 
each open set f~ C V, the set ¢ -  (l~) = {s E S [ (I)(s) n f~ ~ 0} is open. We say that (I) is upper 
semicontinuous if for each open set 12 C_ V, the set (I)+(F~) -- {s E S I ~)(s) C_ f~} is open. Given a 
topological space S and a function g : S --* R. The function g is said to be lower semicontinuous 
on S if for any a E R, the set {x E S I g(x) _< a} is closed. The function is said to be upper 
semicontinuous on S if -g  is lower semicontinuous on S. 
The next proposition gives the relationship between upper semicontinuity, graph closedness, 
and uniform compactness of point-to-set mappings in a finite-dimensional setting. 
PROPOSITION 2.1. [3, Proposition 2.1.] Let A, C be nonempty closed subsets of R "~ and R m, 
respectively, and let '~ : A --* 2 c be a point-to-set mapping. The following conditions are 
equivalent: 
(i) (I)/s compact-valued and upper semicontinuous on A, and 
(ii) (I)/s uniformly compact on A and has closed graph. 
The next proposition gives the relationship between lower continuity and lower semicontinuity 
of a point-to-set mapping. 
PROPOSITION 2.2. [2, Corollary 1.1.] Let A, C be nonempty closed subsets of R n and R m, 
respectively, and let • : A --, 2 c be a point-to-set mapping. The following conditions are 
equivalent: 
(i) (I)/s lower continuous on A, and 
(ii) ¢ / s  lower semicontinuous on A. 
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A compact metric space A is said to be acyclic if 
(1) A~0,  
(2) the homology group Hn(A) vanishes for all n > 0, and 
(3) the reduced 0 th homology group/~r0(A) vanishes. 
If A and B are acyclic then A x B and A n B are both acyclic. A topological space S is said to 
be contracbible, if the identity mapping of S is homotopic to a constant mapping of S to itself. 
We note that any convex set is contractible and any set that is starshaped at some point is also 
contractible. It is known that any compact contractible metric space is acyclic but not conversely 
(see, e.g., [4, p. 163]). 
A subset K of a topological space S is said to be a retract of S if there exists a continuous 
mapping g : S --* K such that g(x) = x, for all x E K. The function g is called a retraction of S 
onto K. We recall that any closed convex subset of a normed space E is a retract of E. A space E 
is said to be an absolute neighborhood retract (ANR) if given a normal space S, closed subset 
A C S, and a continuous mapping f from A into E, then f can be extended to some neighborhood 
of A in S. It can be checked that the product of finitely many absolute neighborhood retracts is 
itself an absolute neighborhood retract. 
Let A be a nonempty convex subset in R n and f be a real-valued function defined on A. The 
function f is said to be quasiconvex if, for any x ,y  E A, and for all A E [0,1], the following 
inequality is true 
f (Ax -I- (1 - A)y) _< max{f(x), f(y)}. 
It can be readily checked that f is quasiconvex, if and only if for each a E (-co, co), the set 
{x E A ] f(x) g a} is convex. In particular, if f is quasiconvex, then the set {x E A ] f(x) = 
min~eA f(u)} is convex. The function f is said to quasiconcave if - f  is quasiconvex. 
3. EX ISTENCE RESULTS FOR 
ABSTRACT VARIAT IONAL INEQUAL IT IES  
The following theorem is the main result of this paper. 
THEOREM 3.1. Let K C R n be an acyclic ANR and C C_ R m be nonempty. Let F : K -~ ~(K)  
and G : K --* :F(C) be two fuzzy mappings and a, 13 : K --* (0, 1]. Let ¢ : K x C x K -~ R be 
continuous. Suppose that 
(i) (Fx)a(x) ¢ 0 for each x E K ,  and the mapping x --~ (Fx)~(x) is continuous, 
(ii) (Gx)~(x) is acyclic for all x E K ,  and the mapping x ~ (Gx)~(x) is upper continuous and 
uniformly compact on K,  
(iii) there exists an acyclic ANR H such that Ux~K(GX)~(x) C_ H C_ C, 
(iv) for each fixed (x,y)  E K x C, the following set is acyclic 
V(x ,y) - -  (u  E (Fx)~(x)[ ¢ (x ,y ,u )= min ¢ (x ,y ,s )~.  
L J 
Then there exist • e (F$)a($) and ~ E (G~)~(s), such that 
¢ (~, ~, x) > ¢ (~, #, ~), for ~l z e (F~)~(~). 
PROOF. Let X : K --* 2 K and Y : K --* 2 ° be defined by X(x)  = (Fx)a(x) and Y(x)  = (Gx)~(~), 
respectively. By (i) and (ii), X is a nonempty-valued continuous point-to-set mapping from 
K into itself, and Y is an acyclic-valued upper continuous and uniformly compact point-to-set 
mapping from K into C. It follows that K x H is an acyclic absolute neighborhood retract. Now 
let G:  K x H -4 2 KxH be defined by G(x,y)  = (V(x ,y ) ,Y (x ) ) ,  (x,y)  E K x H. Then it can be 
easily checked that G is upper continuous and G(x, y) is acyclic, for all (x, y) E K x H. By [5, 
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Theorem 2], there exists (e,~) • Kx  H which is a fixed point o fG .  Hence, e • X(e)  = (F~)~(~), 
.~ • Y(~) = (G~)~(~), and 
¢ (~, ~fi, x) > ¢ (~, ~, ~), for all x • X (~). 
The proof of theorem is now completed. | 
In Theorem 3.1, if C is an acyclic ANR, then condition (iii) is automatically satisfied. By 
employing exactly the same argument as that in Theorem 3.1, we have following result. 
THEOREM 3.2. Let K C_ R n be an acyclic ANR and C C_ R m be a acyclic ANR. Let F : K 
~(K)  and G : K -* .~(C) be two fuzzy mappings and ~, ~ : K --* (0, 1]. Let ¢ : K x C x K ~ R 
be continuous. Suppose that 
(i) (F=)a(=) # 0 for each x • K,  and the mapping x --* (F=)a(z) is continuous, 
(ii) (Gx)~(z) is acyclic for all x • K, and the mapping x --* (Gz)~(z) is upper continuous and 
un/form/y compact on K, 
(iii) for each fixed (x, y) • K x C, the following set is acyclic 
V (x ,y )= {uE  (Fz)~(~) l ¢ (x ,y ,u )= se(F~)~(~)min ¢(x ,y ,s )} .  
Then there exists ~ • (F~)a(~) and ~ • (G~)~(~), such that 
¢ (~, ~, x) > ¢ (~, ~, ~), for a/1 x • (F~)a(~) . 
By Theorem 3.1, we can derive the following existence results of an abstract variational in- 
equality problem for point-to-set mappings. 
THEOREM 3.3. Let K C_ t~ be an acyclic ANR and C C_ R m be a closed contractible ANR. 
Let X be a nonempty-valued continuous point-to-set mapping from K into itself, and Y be a 
acyclic-valued upper continuous and uniformly compact point-to-set mapping from K into C. 
Let ¢ be a continuous ingled-valued function from K x C x K into R. Suppose that 
(i) there exists an acyclic ANR H such that Y (K)  C_ H C_ C, 
(ii) for each fixed (x,y) • K x C, the following set is acyclic 
{u  • X(x)  l ¢(x,y ,u)  = sex(~)min ¢(x,y ,s)  } . 
Then there exist ~ • X(~.) and fl • Y(fl), such that 
¢ (~,g,x) > ¢(~,g,~) ,  fo ra l lx•X(~) .  
PROOF. Let a, f~ • (0,1] be two constants. Define two fuzzy mappings F : K --* 5r(K) and 
G : K --* ~(C)  as follows: 
F(x) = Xx(~) and G(x) = Xy(x), 
where XA is the characteristic function of a set A. For any x • K, we have 
(Fx)a = {u • K I F=(u) = Xx(z)(u) >_ a} = X(x)  
and 
By assumptions, conditions of Theorem 3.1 are all satisfied. Therefore, by Theorem 3.1, there 
exist ~ • (F~)a, ~ • (G$)~, such that ¢(~,~,x) _~ ¢(~,~,~), for all x • (F~)a. Hence, ~ • X(~), 
• Y(~), and 
¢(Z,~,x) > ¢ ($,#,~), for all x • X (5'). I 
Theorem 3.3 extends [1, Theorem 3.1]. Since any compact contractible sets is acyclic, the 
following result is a consequence of Theorem 3.1. 
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COROLLARY 3.1. Let K C_ R n be a compact contractible ANR and C C_ R m be a closed 
contractible ANR. Let F : K --* ~T(K) and G : K ~ ~(C)  be two fuzzy mappings and 
a,/~ : K --~ (0, 1]. Let ¢ : K x C x K --~ R be continuous. Suppose that 
(i) (Fx)a(x) ~ 0 for each x E K,  and the mapping x --~ (Fx)a(x) is continuous, 
(ii) (Gz)fl(x) is nonempty and contractible for all x 6 K,  and the mapping x --~ (Gx)fl(x) is 
upper continuous and uniformly compact on K, 
(iii) there exists a compact contractible ANR H such that Ux6K(GX)~(x) C_ H C C, 
(iv) for each fixed (x, y.) 6 K x C, the following set is contractible 
V(x,y)  = ~u E (Fx)a(x) [ ¢(x,y,u)  = min ¢(x ,y ,s )~.  
! ) 
Then there exist ~ • (F~)a(~) and ~ • (G~)~(~), such that 
> for all • 
Let S and V be two nonempty closed convex subsets of two Hausdorff topological vector spaces, 
respectively. Let • : S -~ ~'(V) be a fuzzy mapping, a : S --* (0,1]. Let ¢* : S x V --* [0, 1] and 
: S ~ 2 v be defined by 
• *(x ,y)  = cx(y ) ,  • s × v, 
and 
• = • • s ,  
respectively. We now investigate conditions under which ~b will be upper continuous, lower 
continuous, and convex-valued, respectively. To this end, we first have the following definitions. 
DEFINITION 3.1. 
(i) The fuzzy mapping ¢ is said to be weakly closed, if for any sequence (xn, Yn) C_ S x V 
converging to (x, y), we have 
¢*(x,y) >_ l iminf¢* (xn, yn). 
(ii) The fuzzy mapping • is said to be quasiconcave if for each x • S, the function ¢x : V --~ 
[0, 1] is quasiconcave, i.e., for any Yl,Y2 • V, 0 < A < 1, 
Cx (Ayl + (1 -A)y2) _> min {¢x(yl), ~x(Y2)} • 
REMARK. 
(i) If ¢* is upper semicontinuous, or in particular continuous, then ¢ is weakly closed. We 
also note that since ¢* is single-valued, ¢* is continuous if and only if ¢*, as a point- 
to-set mapping, is upper continuous, lower continuous, upper semicontinuous, or lower 
semicontinuous, respectively. 
(ii) The quasiconcavity of fuzzy mappings in Definition 3.1(ii) reduces to the convexity of 
fuzzy mappings in [6]. 
LEMMA 3.1. Suppose that • : S ~ ~F(V) is weakly dosed and a : S --* (0, 1] is lower semi- 
continuous. Then the point-to-set mapping • : S --~ 2 v defined by g/(x) = (¢x)a(x) is upper 
continuous on S. 
PROOF. Let x • S be fixed, and suppose {zn} C_ S converging to x, and {y~} C_ V converging 
to y with y,  • @(x,) for each n. Then Cx.(Yn) >_ a(xn), for all n. Since • is weakly closed 
and a is lower semieontinuous, wehave 
~x(Y) -> l im in f~. (yn)  _> l iminfa(x, )  >_ a(x). 
Therefore, y • @(x), and consequently, • is upper continuous at x. As x • S is fixed but 
arbitrary, • is upper continuous on S. II 
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LEMMA 3.2. Let (I) : S --* ~'(V) and a : S --* (0, 1]. Suppose that ¢ is quasiconcave, then the 
set (@x)a(x) is convex for each x • S. 
PROOF. Let x • S be fixed. Let Yl,Y2 • (¢x)~(x), and 0 < A < 1. Then (I)x(yl) _~ a(x) and 
~x(Y2) ~_ a(x). Since • is quasiconcave, we have 
(I)x (Ayl + (1 - A)y~) > min {(I)x(yl), (I)x(y~)} _> a(x). 
Hence, Ayl + (1 - A)y2 • (~x)a(x), and consequently, ((I)x)a(x) is convex. | 
In order to investigate the lower continuity of ~, we need the following result. 
PROPOSITION 3.1. [7, Proposition 1.5.2.] Consider a metric space X ,  two normed spaces Y 
and Z, two set-valued maps G and F from X to Y and Z, respectively, and a (single-valued) 
map f from X x Z to Y such that 
(i) F is lower continuous with convex values, 
(ii) f is continuous, 
(iii) Vx • X,  u ~ f (x ,  u) is affine, 
(iv) Vx • X,  G(x) is convex and its interior is nonempty, 
(v) the graph of the map x --* int (G(x)), x • X ,  is open, 
(vi) Vx • X,  Su • F(x)  such that f (x ,  u) • int (G(x)). 
Then the set-valued map R : X --* 2 z defined by 
R(x) := {u • F(x) [ f (x ,u )  • G(x)} 
is lower continuous with convex values. 
LEMMA 3.3. Let • : S ~ f (V ) ,a  : S ~ (0,1), where S and V are nonempty closed convex 
subsets of two Hausdorff topological vector spaces. Suppose that 
(i) ~}*/s continuous, 
(ii) for each x • S, y ~ O*(x,y) is aft/he, 
(iii) for each x • S, there exists y • V such that a(x) < O*(x,y) < 1. 
Then the point-to-set mapping t~ : S ~ 2 v defined by qt(x) = ((I)x)a(~) is lower continuous with 
convex values on S. 
PROOF. Let F : S ~ 2 v, G : S -* 2 a and f : S x V ~ R be defined by F(x)  = V, x • S; G(x) = 
[a(x), 1], x • S; and f(x, y) = ~*(x, y), (x, y) • S x V, respectively. Then it can be checked that 
all conditions of Proposition 3.1 are satisfied. Therefore, by Proposition 3.1, the map R : S ~ 2 v 
with 
n(x) = {y e V I f(x,Y) e 
= {ye  V I ¢* (x ,y )  e 1]} 
= {y • V l Cx(y) > a (x )}  
= 
= 
is lower continuous with convex values on S. The proof is complete. | 
Let ¢ : S --* ~'(V) be a fuzzy mapping and a : S ~ (0, 1]. We say that the fuzzy mapping 
is compact with respect o a, if the point-to-set mapping x --* (~x)a(x), x • S is compact-valued 
and uniformly compact on S. 
Fuzzy Mappings 127 
THEOREM 3.4. Let K C_ R n be nonempty compact convex and C C_ R"  be nonempty closed 
convex. Let F : K --~ ~'(K) and G : K --* $'(C) be two fuzzy mappings and a : K ~ (0, 1), 
fl : K ~ (0, 1] be lower semicontinuous such that (Fx)a(x) and (Gx)fV(x) are nonempty for each 
x 6 K. Let ¢ : K × C x K ~ R be continuous. Suppose that 
(i) F is weakly closed for each x E K,  y --~ F*(x,y) is affine, and for each x 6 K,  there exists 
y E C such that a(x) < F*(x,y) < 1, 
(ii) G is quasiconcave; G is weakly closed and G is compact with respect o fl, 
(iii) for each (x, y) 6 K x C, u ~ ¢(x, y, u) is quasiconvex. 
Then there exist • 6 (F~)a(~) and 9 6 (G~)fK~), such that 
¢ (~,9,x) _> ¢ (~,9,x),  for a/1 x e (F~)a(~) . 
PROOF. By Lemmas 3.1 and 3.3, we know that the point-to-set mapping x ~ (Fx)a(z) is continu- 
ous and convex-valued. Also by Lemmas 3.1, 3.2, and (ii), the point-to-set mapping x --* (G=)~(=) 
is convex-valued upper continuous and uniformly compact on K. Since C is convex, condition (iii) 
of Theorem 3.1 is automatically satisfied. Finally, by condition (iii), for each (x, y) 6 K x C, the 
set 
V(x ,y )= {u6  (Fx)a(=)I¢(x'Y'U)= 8e(F=),(=,min ¢ (x ,y , s )}  
is convex, and hence, acyclic. Therefore, the result follows from Theorem 3.1. I 
4. EX ISTENCE RESULT FOR 
GQVI  (F, G, 0, T, K, C) ON COMPACT DOMAINS 
By employing results obtained in Section 3, we can derive the following existence results for 
the generalized quasi-variational inequalities for fuzzy mappings. 
THEOREM 4.1. Let K C_ R n be an acyclic ANR and C C_ R m be a closed contractible ANR. 
Let F : K --* ~(K)  and G : X --* :~(C) be two fuzzy mappings and a, fl : K --. (0.1]. Let 
8 : K x C --* R n and r : K x K --* R" be continuous ingled-valued functions. Suppose that 
(i) (Fx)a(=) # (~ for each x E K,  and the mapping x ~ (Fz)a(=) is continuous, 
(ii) (Gx)fKx) is acyclic for ali x 6 K,  and the mapping x ~-~ (Gz)f~(z) is upper continuous and 
uniformly compact on K,  
(iii) there exists a compact acyclic ANR H such that Ux6K(Gx)B(x) C_ H C C, 
(iv) (8(x, y), r(x, x)) _> O, for a//(x, y) 6 (F=)~,(=) x (Vz)#(=), 
(v) for each (x, y) 6 K x C, the following set is acyclic 
{ u6(F=)a(=) l (O(x,y) , r (u,x))= min (O(x,y) , r (s ,x) )}.  se(F=)o,(=) 
Then there exists a solution to GQVIP(F,G,O, T,K,C), i.e., there exist ~ 6 (F~)a(z), 9 6 (G~)~(~) 
such that 
<0 (~, 9) ,~ (x, ~)> > 0, for a J1 x e (F~)a(~). 
PROOF. Let ~ : K x C x K --* R be defined as 
qo(x, y, u) = (8(x, y), v(u, x)),  for each (x, y, u) 6 K x C x K. 
By Theorem 3.1, there exist ~ E (F~)~(~),9 E (G~)~(~) such that 
(~, 9, z) > ~ (~, 9, ~), for all z e (~).(~). 
It follows from condition (iv) that ~o(~, Y x) > 0. Consequently, 
(O (~, Y), v (x, ~)) > 0, for all x 6 (F~)a(~) . 
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THEOREM 4.2. Let K C_ R '~ be an acyclic ANR and C C_ R "~ be a closed contractible ANR. 
Let X be a nonempty-va/ued continuous point-to-set mapping from K into its•if, and Y an 
acyclic-valued upper continuous and uniformly compact point-to-set mapping from K into C. 
Let 0 : K × C --* R n and 1" : K × K --, R n be continuous singled-valued functions. Suppose that 
(i) there exists an acyclic ANR H such that Y (K)  C_ H C C, 
(ii) (O(x, y), T(X, X)) >_ O, for all (2, y) • Z(x)  × Y(2), 
(iii) for each (x, y) • K × C, the following set is acyclic 
{u  e X(x)  [ (O(x,y),r(u,x), = sex(x)min (O(x,y),'r(s,x)) } . 
Then there exist 2 • X(2),f l  • Y(2) such that 
(o (2, #), 2)) >_ o, for • • x (2). 
PROOF. Let ~ : K x C x K --* R be defined as 
y, = (e(2, y), x)), 
for each (x, y, u) E K x C x K. By Theorem 3.3, there exist Z E X(2), ~ E Y(2) such that 
(2, ~, x) > ~ (2, ~, 2), for all x E X (2). 
By condition (ii), we have ~(2, ~, 2) > 0. Hence, 
(0 (2, ~), v (x, 2)) = ~o (2, ~, x) > 0, for all x e X (2), 
and the result follows. I 
Theorem 4.2 extends [1, Theorem 3.2]. Since any compact contractible sets is acyclic, the 
following result is a direct consequence of Theorem 4.1. 
COROLLARY 4.1. Let K C R n be a compact contractible ANR and C C_ R m be a closed 
contractible ANR. Let F : K -* ~(K)  and G : K ~ :F(C) be two fuzzy mappings and 
a,13 : K -* (0.1]. Let 8 : K x C -~ R n and T : K x K --, R n be continuous ingled-valued 
functions. Suppose that 
(i) (Fz)a(x) ~ 0 for each x E K,  and the mapping x ~ (Fx)~(x) is continuous, 
(ii) (Gz)~(x) is contractible for a//x E K, and the mapping x H (Gx)~(x) is upper continuous 
and uniformly compact on K,  
(iii) there ex/sts a compact contractible ANR H such that UxeK(Gz)~3(z) C_H C_ C, 
(iv) (O(x, y), T(X, X)) >_ O, for a//(2, y) • (Fx)aCx) x (Gx)~(x), 
(v) for each (x, y) • K x C, the following set is contractible 
{ ue(F~l~(~) l (O(x, y l , r (u ,x ) )= min (O(x,y) , r (s ,x))}.  
sE(F.)a(ffi) 
Then there exists a solution to GQVIP(F,G,8, 7",K,C), i.e., there exist 2 • (F~)a(~),fl • (G~)~(~) 
such that 
(0 (2, ~), v (2, 2)) _> 0, for a/l x • (F~)~(~). 
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5. EX ISTENCE RESULT FOR GQVI (F, G, 8, T, K, C) 
ON UNBOUNDED DOMAINS 
In many applications, the underlying space under consideration eed not be necessarily 
bounded. Therefore, it will be useful to extend results obtained in Section 4 to the case where 
the domain of GQVI (F, G, 0, v, K, C) can be possibly unbounded. First, we have the following 
result. 
THEOREM 5.1. Let K be a nonempty subset of R n and C be a nonempty closed convex subset 
of R m. Let F : K -~ ~(K)  and G : K ~ ~'(C) and a,~ : K ~ (0,1]. Let O : K x C ~ R hand 
T : K x K --, R n be continuous ingle-valued functions. Suppose that there exists a nonempty 
compact convex subset B of K such that the following conditions hold: 
(i) T(x, x) = 0, for all x E B, 
(ii) the point-to-set mapping x --~ (Fz)a(z) ~] B is nonempty convex-valued and continuous 
on B, 
(iii) the point-to-set mapping x --, (G~);v(x) is acyclic-valued, upper continuous and uniformly 
compact on B, 
(iv) for each fixed (z, y) • K x C, the function u --* (8(x,y),r(u,x)> is convex in u • 
(Fx)~(~) QB, 
(iv) for each x • (F~)~(x)NB, int(F.).(~)((F~)~(x)QB) is nonempty, and for every x • 
O(Fx).(.) ((Fx)~(~) Q B), there exist a u • int(F~)~(~)((Fx)a(z) N B) such that 
<e(x, y), ~(., x)> < 0, for all y • (G~)~(~). 
Then there exist ~2 • (Fx)a(x), 9 • (Gx)~(~) such that 
(O (~, Y), V (Z, ~)) >_ O, for all z • (F~)~(~). 
PROOf. Let /~ : B -* ~'(B) and G : B --* 9v(C) be two fuzzy mappings defined by for each 
x•B,  
_~(x) = Fx [B (the restriction of Fz = F(x) on B) 
and 
¢(~) = G(x), 
respectively. For each x • B, 
= {u • S ] f~(u)  >_ ~(x)} 
Thus by (ii), the mapping x ~ (-~x)a(x) is nonempty-valued and continuous on B. Also, by (iii), 
the mapping x --* ((~x)~(x) is acyclic-valued, upper continuous, and uniformly compact on B. 
Since C is convex, condition (iii) of Theorem 4.1 holds automatically. Because in this case, 
conv{[.JxeB(Gx)~(x)} is a retract of C and we can let H = conv{~eB(G~)~(x) }. Also, by 
condition (iv), for each (x, y) • B x C, the following set 
{u e (F=) a(x) ' (O(x'Y)' T(u'x)) = 8e(~=)~(=,min (O(x,y),T(s,x)) } 
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is convex, and hence, aeyclic. Therefore, it follows from Theorem 4.1 that there exist 5, E (-~)a(~), 
0 E (G~)0(~) such that 
(8(~,0) , r (x ,~))  _> 0, for all x E (F~)a(~). (1) 
Since (~, 0) E (F~)a(~) x (G~)0(~), we have (~, 0) E (F$),(~) x (Ge)~(e). We now claim that (~, 0) 
is a solution of GQVI P(F, G, 0, 7-, K, C). To this end, let x E (F~)a(~). We consider the following 
two possibilities. 
(a) ~: E int(F~)~(~) ((F~)a(~)). Then there exists 0 < A < 1 such that Ax + (1 - A)~ E (-~)~(~). 
By (1) and (iv), we have 
0 < (0 (~, o) ,7- (~  + (1 - ~,)~, ~)) 
< ~ (o (~, O) ,7- (x, ~)) + (1 - :~) (o (~, 0), 7- (~, ~)) 
= ~ (o (~, O) ,7- (x, ~)). 
Thus, (0(~, Y), 7-(x, ~)) _> 0. 
(b) ~ E O(F,).(~)((-P~),(~)). By condition (v), there exists u • int(F,).(~)((-P,)a(~)) such that 
(O (~, y), r (u, ~)) _< 0, for all y • (Ge)~C~) . (2) 
In particular, for y = 0, we have from (1) and (2) that (0(~, O)7-(u, ~)) = 0. Now choose 0 < A < 1 
such that Ax + (1 - A)u • (Fe)a(e). Then we have from (1) and (iv) that 
0 < (0 (~, Y) , r  (Ax + (1 - A)u, g:)) 
< A <0 (~, 0), 7- (x, ~)> + (1 - A) <0 (~, Y), r (u, ~)> 
= ~ <o (~, O) ,~ (z, ~)>. 
So again (0(~, 0), r(x, ~)) > O. Consequently, we derive that ~ • (Fe)~(e), O • (Ge)a(e), and 
(0 (e,0),7- (x,~)) _> 0, for all x • (Fe),(e) ,
and the proof is now complete. I 
We remark that the set B in Theorem 5.1 may have empty interior. In general, the lower 
continuity which is equivalent to lower semicontinuity in R n of the point-to-set mapping x --+ 
(F~)~(~) on K, does not sufficiently imply the lower continuity of the point-to-set mapping x --+ 
(Fz)a(~) N B on B as the example in [3] illustrates. However, if the set B does have nonempty 
interior, then the condition (ii) of Theorem 5.1 can be further weakened. The following result 
illustrates this point. 
THEOREM 5.2. Let K be a nonempty closed subset of R n and C be a nonempty closed convex 
subset of R m. Let F : K -+ JZ(K) and G : K -+ Jz(C) and a, fl : K ---+ (0, 1]. Let 0 : K x C -+ R n 
and 7- : K x K -+ R ~ be continuous ingle-valued functions. Suppose that 
(i) r(x,  x) = 0 for a/1 x • K, 
(ii) the point-to-set mapping x --* (F~)a(~) is nonempty convex-valued and continuous, 
(iii) the point-to-set mapping x -~ (Gz)~(~) is acyclic-valued, upper continuous and uniformly 
compact on K,  
(iv) for each fixed (x, y) • K x C, the function u -~ (O(x, y), 7-(u, x)) is convex in (Fz)a(~). 
Suppose also that there exist a nonempty compact convex subset B of K and with intK(B) ¢ @ 
and x0 • (NzeK(F~)a(z)) n intK(B) such that for any x • O(F~).(.)((F~)a(~) N B), one has 
sup (O(x,y),7-(xo, x)) <_ O. 
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Then there exist ~ E (F~)a(~) and fl E (G~)~(~), such that 
(0 (2, T (Z, 2)) >__ 0, for all z e 
PROOF. Let F and G be defined as those in Theorem 5.1. Note that x0 E (Fx)~(x))NintK(B), 
for all x • K, by (i) and [3, Proposition 3.1], x --* (_~x)~(~) is continuous on B. Using the same 
argument as that in the first part of the proof of Theorem 5.1, we can show that there exist 
• (P~)a(~), Y • (G~)~(~) such that 
(0(£ ,~) , r  (x,£)) >_ 0, for all z • (h )~(~) -  
Note that (F~)a(~) C (F$)~(~) and (G~)fl(~) = (G~)fl(~). Now by employing exactly the same 
argument as that in the second part of the proof of Theorem 5.1, one can show that 
(0 (£ ,~) , r  (u,~)) >_ 0, for all x • (F~)~¢~), 
and the proof is now complete. 1 
By employing the same argument as that in Theorem 3.3, we can derive the following results 
from Theorem 5.1 and Theorem 5.2, respectively. 
THEOKEM 5.3. Let K be a nonempty subset of R n and C be a nonempty closed convex subset 
of R m. Let X and Y be point-to-set mappings from K into K and from K into C, respectively. 
Let 0 : K x C --* R n and r : K x K ~ R" be continuous ingle-valued functions. Suppose that 
there exists a nonempty compact convex subset B of K such that the following conditions hold: 
(i) r(x, x) = 0, for a/1 x • B, 
(ii) Y is a acyclic-valued, upper continuous, and uniformly compact on B, 
(iii) Z ( x ) = X ( x ) n B is a nonempty convex-valued and continuous point-to-set mapping on B, 
(iv) for each fixed (x, y) • K x C, the function u -4 (O(x, y), r(u, x)) is convex in u • Z(x),  
(v) for all x • B, intx(x)(Z(x)) is nonempty and for every x • Ox(x)(Z(x)), there exists a 
u • intx(~)(Z(x)) such that 
(o(z, y), z)) < o, for aU y • v(z) .  
Then there exist ~2 • X(Y~) and ~ • Y(~), such that 
(19 (~, ~), r (x, :~)) >_ O, for all x • X(x) .  
TH~.ORV.M 5.4. Let K be a nonempty subset of R n and C be a nonempty closed convex subset 
of R m. Let X and Y be point-to-set mappings from K into K and from K into C, respectively. 
Let 0 : K x C ~ R n and ~" : K x K -4 R n be continuous ingle-valued functions. Suppose that 
(i) r(x, x) = O, for all x • K,  
(ii) X /s  nonempty, convex-valued, and continuous, 
(iii) Y is acyclic-valued, upper continuous, and uniformly compact on K,  
(iv) for each fixed (x, y) • K x C, the function u --* (O(x, y), r(u, x)) is convex in X(x) .  
Suppose also that there exist a nonempty compact convex subset B of K and with intK(B) # 0 
and x0 • (Nxeg x(x) )  N B such that for any x • Ox(~)(X(x) N B), one has 
sup (O(x,y), 7 (xo, x)) < O. 
~Y(z)  
Then there exists (~,~) ~ X(Y~) x Y(Y~), such that 
(0 (e, ~), r (x, e)) > 0, for all x • X (e). 
We next present he following results that do not require the continuity of the point-to-set 
mapping x --* (Fx)a(~) n B or x --* X (z )  n B on B. 
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THEOREM 5.5. Let K be a nonempty closed convex subset of R n and C be a nonempty closed 
convex subset ofR  "n. Let F : K- -*  ~'(K) andG : K ~ 9v(C) anda ,~ : K - -*  (0,1]. Let 
8 : K x C -* R n and r : K x K -~ R n be continuous ingle-valued functions uch that 
(i) (O(x, y), T(X, X)) > O, for all x E K, y E C, 
(ii) the point-to-set mapping x --* (Gx)~(x) is acyclic-valued, upper continuous and uniformly 
compact on K, 
(iii) for each fixed (x, y) E K x C, the function (O(x, y), T(., X)) is quasiconvex on (Fx)a(~), 
(iv) the point-to-set mapping x --* (Fx)~(x) is convex-valued and continuous. 
Suppose that there exists a nonempty compact subset D of K such that 
(v) (F~)a(x) N D ~ O, for all z E K, 
(vi) for ali x e K \ D with x E (Fx)a(z) and for each y E (Gx)~(x), one has 
inf (O(x, y), T(U, Z)} < 0. 
ue(Fx)~(~ N D 
Then the GQVIP (F, G, 8, T, K, C) has at least one solution belonging to D x C. 
PROOF. Let g be the retraction of R n onto K. For each x E R n, define two fuzzy mappings 
: R n --* ~(R  ~) and G : R n --* ~(C), and two single-valued continuous functions 0 : R n x 
C --* R n, e : R 2n --* R n and ~,~:  R n --* (0, 1] by putting F(x) = f(g(x)) ,  G(x) = G(g(x)), 
O(x, y) = O(g(x), y), and ~-(u, x) -- -r(g(u), g(x)), &(x) = a(g(x)), ~(x) = ~(g(x)), for all x • R n, 
y • C, and u • R '~. It follows that 
(i) (0(x, y), ~(z, x)> > 0, for all x • R n, y • C, 
(ii) the point-to-set mapping x -* (G~)B(~) is acyclic-valued, upper continuous, and uniformly 
compact on D, 
(iii) for each fixed (x,y) • R n x C, the function (O(x,y),~(.,x)) is quasiconvex on (i~x)a(~) 
(since g(u) = u on (Fz)a(x)), 
(iv) the point-to-set mapping x --* (Fx)~(x) is convex-valued and continuous, 
(v) (Fx)a(x) N D ¢ 0, for all x • R n. 
Let {Th) be a nondecreasing sequence of compact convex subset of R n such that 
D c_ int(T1) and U Th = R". 
hEN 
Fix h • N, and consider the fuzzy mapping F h : Th ---* f (Th)  defined by 
Fh(x) = the restriction of .P(x) on Th, for all x • Th. 
By [3, Proposition 3.1], the point-to-set mapping x --* (Fh)a(x) = (Fx)a(x)nTh is continuous. 
For each (x, y) • K x C, since (0(x, y), ~(., x)) is quasiconvex on (Fx)a(x), the following set 
{ F. h (O(x,y),~(u,y)) min (O(x,y) ,~(s ,x) )} 
= {u•  (Fx)a(~IMTh [ (O(x,y),~(u,y)> = "e(P')a,-~min nTh <O(x,y),~'(S,X)> } 
is convex, and hence, acyclic. Therefore, by Theorem 4.1, there exist Xh • (Fhh)a(xh), Yh • 
((~xh)B(xh) such that 
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Since UzeR.(Pz)a(x) c_ K, it follows that xh • K, and hence, (-~xh)a(xh) = (Fzh)a(zh), 
(&x,,)hCzh) = (Gxh)B(xh), and 
(0 (Xh, Yh) , r  (u, Xh)) > 0, for all u • (Fz~,)a(x,,) N Th. (3) 
By condition (vi), Xh • D. By [8, Theorem 3, p. 116], the set I,.JzeD(Gz)3(z) is compact. Since 
{ ( xh, Yh) } C D x ( Ux e D (Gz) 3z), which is also compact, there exists a subsequence of the sequence 
{(Xh, Yh)}, still denoted by {(Xh, Yh)} converging to a point (~, ~) • D x C. Since x --4 (Fz)a(z) 
and x ~ (Gz)~(x) are upper continuous point-to-set mappings, ~ • (F~)a(~) and ~ • (G~)a(~). 
We now claim that 
(8 (~, ~)), r (u, ~)) >_ 0, for all u • (F~)~(~). (4) 
For fixed u • (Fec)a(~), since ~c --* (Fx)a(~) is lower continuous, there exists a sequence {Uh} 
converging to u such that Uh • (Fx~)a(zh), for all h • N. Let h • N be such that u • int(Th). 
Since Uh ---* u, there exists h0 > h such that Uh • T h, for all h > h0. Hence, for each h > h0, 
uh • (Fxh)~(xh) ~Th C (F~h)a(z,~) Th.  Consequently, by (3), we have 
(8 (Xh, Yh) ,T (Uh, Xh)) > O, for all h > h0. (5) 
Letting h --* oo in (5), and noting 8 and r are continuous, we get 
(O (~, O) , r  (u, a~)) _> O. 
Therefore, (4) is claimed, and finally the proof is complete. | 
By implying the exact argument as that in Theorem 3.3, we can derive the following result 
from Theorem 5.5. 
THEOREM 5.6. Let K be a nonempty dosed convex subset of R ~ and C be a nonempty closed 
convex subset of R m. Let X : K -~ 2 K and Y : K ~ 2 c be two nonempty valued point-to-set 
mappings. Let 0 : K x C --~ R n and T : K x K --~ R ~ be continuous ingle-valued functions. 
Suppose that 
(i) v), _> 0, for z • K, y • C, 
(ii) Y is acyclic-valued, upper continuous, and uniformly compact on K,  
(iii) for each fixed (x, y) • K x C, the function (8(x, y), r(., x)) is quasiconvex on X(x) ,  
(iv) X is convex-valued and continuous. 
Suppose that there exists a nonempty compact subset D of K such that 
(v) X(x)  N O # @, for an x • K, 
(vi) for aH x • X \ D, with x • X(x)  and for each y • Y(x),  one has 
inf (8(x, y), ~(u, x)) < O. 
ueX(x) fq D 
Then there exist ~ 6 X(~2) and 0 E Y(~), such that 
(0 0), (x, e)) _> 0, for aal x • x(z). 
We remark that by [2, Theorem 2] and Proposition 2.1, condition (iv) of Theorem 5.4 is equiv- 
alent to the assumption that X is a convex-valued lower semicontinuous point-to-set mapping 
with closed graph. With this observation, we note that Theorem 5.4 extends [3, Theorem 3.2]. 
Given mappings T : 1:l n --+ Rn,p : R n --4 [0,1], nonlinear mapping A : R n --+ R n and fuzzy 
mapping G : R n --+ $'(Rn), the generalized strong nonlinear complementarity problem for fuzzy 
mappings considered in [6] is to find (~, 0) • R n x R n, such that Ge(~) > p(~) and 
• > 0, + > 0, (e, Te  + A~) = 0. 
Chang and Huang [6] proposed some iterative algorithms to get approximate solutions. We shall 
employ results obtain in Section 5 to get some existence results of the generalized strong nonlinear 
complementarity problem for fuzzy mappings. 
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THEOREM 5.7. Let G : R n --* ~(R  n) be a fuzzy mapping and p : R n --, (0, 1] be lower semicon- 
tinuous such that (Gx)p(x) is nonempty  for each x E R n. Suppose that 
(i) G is quasiconcave, weakly closed and compact with respect to p on R n, 
(ii) there exists a nonempty compact set D c_ R~_ such that for each z E R~ \ D, and for each 
y E (Gx)p(x), we have 
min(u - x, Tx  + Ay) < O. 
uED 
Then there exists (~, fl) E R n x R n, such that G~(fl) >_ p(~) and 
>_0, T~ + AfI >_ O, and (~,T~. + Afl) = O. 
PROOF. Let F : R n ~ Jr(Rn) be fuzzy mapping such that F(x)  = XR~, for all x E R n. Let a 
be such that 0 < c~ < 1 and O, T : R n x R ~ ~ R n be defined by 
O(x, y) = Tx  + Ay  
and 
r(x, y) = x - y, 
respectively. Then since T(x, x) = 0 for each x E R n, condition (i) of Theorem 5.3 is satisfied. 
By Lemmas 3.6, 3.7, and (i), the point-to-set mapping x ~ (Gx)p(~) is convex-valued, upper 
continuous, and uniformly compact on R n, and thus, condition (ii) of Theorem 5.3 is satisfied. 
It is clear that conditions (iii) and (iv) are both satisfied. We note that for each x E R n, 
( fx )o  = {y • R" I F (y) > = {y • R" I XR (y) > = 
Thus, by (ii), conditions of (v) and (vi) of Theorem 5.3 are all satisfied. Consequently, by 
Theorem 5.3, there exists (~, ~) • D x R n such that ~ • (F~)a, ~ • (G~)p(~) and 
(0 (~, ~) ,T (X, ~)) _> 0, for all x • (F , )a ,  
i.e., • > 0, G~(~) _> p(~), and 
(x - ~, T~ + A~) > 0, for all x >_ 0. 
By standard technique, (see, e.g., [9, Theorem 3.6]), we can show that T~ + A~ > 0 and (~, T~ + 
A~) = 0. Therefore, the result follows. 
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